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Error analysis on numerical double integration in acceleration
measurement with clock jitter

TAN Xiao-yun,ZHOU Xian-zhong, XU Na,CHEN Wei-ping, LIU Xiao-wei
(MEMS Center » Harbin Institute of Technology, Harbin 150001, China)

Abstract: The positioning error of accelerometers due to a clock jitter is analyzed by Monte Carlo anal-
ysis method. The simulation results reveal that the distribution of acceleration measurements with the
clock jitter is approximately Gaussian distribution, which is well coincident with the theoretical analy-
sis. Moreover, the relation between the variance of integration distance and the clock jitter is ana-
lyzed. Both the theoretical and simulation results indicate that the error of numerical double integra-
tion due to the clock jitter increases proportional to the clock jitter. When the input acceleration signal
is a sine wave with a amplitude of 1g and a period of 1 s, the ratio between the integration error of nu-
merical double integration and the clock jitter is 0. 261 1 after 1 s.
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which allow them to sense in one, two or three
1 Introduction axes'). Recently, the accelerometer have be-

come a popular device for the safety requirement

Accelerometers have undergone a techno-
logical evolution and some of them are fabricated

by advanced surface micromachining techniques
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in automobiles, especially in seat belts and air-
bag systems. This leads to a large demand for

low-cost and small-size accelerometers capable of
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sensing up to 50 g. Thus, integrated capacitive-
based accelerometers that meet the requirements
are well received. To reduce the probability of
accidents due to the malfunction under interfer-
ences such as electromagnetic and pulse noises,
air-bag restraint systems require accelerometers
not only to have the characteristics of fast re-
sponse, high sensitivity, low cost and good reli-
ability but also to resist any outside disturb-
ances™,

With the development of the technology,
high-performance micro-machined accelerome-
ters have been widely used in biomedical applica-
tions, navigation systems, and seismometry for

oil explorations*".

In these cases, information
is required on the full acceleration vector. In this
peper,we exploit the advantages of a closed-loop
control strategy to increase the dynamic range,
linearity, and the bandwidth of sensors to satisfy
the application requirements. To decrease power
consumption, capacitive devices are often pre-
ferred” !,

When the accelerometers are used to posi-
tion, the acceleration will be sampled by an ana-
log-to-digital (A/D) converter based on a clock
generation. Then the measurements would be
used by numerical double integration to calculate
the position. However, due to clock jitter, there
is always sampling error. In this paper, the er-

ror of calculated measurement will be analyzed.

2 Relation between clock jitter and

phase noise with white noise

Defining a jitter has been a troublesome task
since there is no universal accepted terminology
for the jitter, such as the absolute jitter, cycle
jitter, cycle-to-cycle jitter, long term jitter,

edge-to-edge jitter, period jitter, and the track-

ing jitter'™. In this paper, the concept of period
jitter will be adopted. If ¢, (#) is the phase of a
differential ring oscillator at time ¢, and S;(f) is

the power spectral density of $(£)*). Then

_ 1 Ay = L
—ano(¢(zi+1) dCt)) anomﬂ,, (D

T,=1/f,.T, and f, are the pe-

T;

where ¢, —t;,=
riod and frequency of the oscillator, respective-
ly.

So the power spectral density of the phase
deviation ¢ can be derived as follow:

Su(f) =S;(H | 1—eo |2 =
4S,(Hrsin® (nf/ fo) . (2)

Then the spectral density of the jitter is giv-

en by

sin” (e f/ fo)
(7'['f‘o)2 ’

If the phase $(z) is a stochastic stationary

S.(f) = S,( (3

process, then we can use the Wiener-Khinchine
theorem to calculate the mean square value o°
byLa—u

sin® (x f/ fo)

2 " . - - .
o _JO S.(frdf J s, =R

dr .
€9
This is the relation between the phase noise
spectral density and the jitter.
In this paper, the positioning error due to
clock jitter will be presented. If the A/D con-

verter uses ring oscillator as a clock generator,

the macro noise source feeding the integrator is

given by
"2
Sy(f) = 2locu (5)
/
Then the period jitter can be expressed by
or = ¢ 1. (6)

3 Relation between error of double

integration and clock jitter

If the input acceleration signal is sine wave

with frequency of 1 Hz and a magnitude of
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1 m/s*, the input acceleration signal can be ex-
pressed as
a=sin (27ntt) . D)

Therefore we can easily calculate the dis-
tance of the object which has moved 1 s, if the
initial location is zero and the initial speed is also
zero. Using simple calculation, the distance can
be computed as
! 1
0 2n

N D S €
d—[ (Zﬂ)zsm(ert)—O—ZKtJ

(8
However, the acceleration measures are dis-
crete signals. So when using the A/D converter
to measure the acceleration signals, we can only
obtain the acceleration values at discrete time
points. In this paper, the sampling period of the
simulation is T=1X10""*s. If the input acceler-
ation signal is the same as the mentioned above,
we can obtain the discrete acceleration at time
nT which can be expressed as a[n]. Then the
position can be estimated from accelerometer
measurements by a numerical double integration
of the accelerometer signal. Using rectangular
numerical integration formula, the distance of an
object between its stating point and its position
at time NT can be expressed as"®

sSIN] = TZZ(N—n)a[n] . 9

n=1

Theoretically, if the sampling period is
small enough, the error of numerical double in-
tegration can be ignored. However, if there is
clock jitter of the sampling clock, the error of
numerical double integration can not be ignored
though the sampling frequency is high enough.

In order to analyze the measurement error,
Monte Carlo analysis method will be presented
here. The simulated results of acceleration
measurements in 1 s are shown in Fig. 1. The
fitting curve implies that the distribution of ac-
celeration measurements is approximately Gaus-

ses distribution.
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Fig. 1 Acceleration measurement probability density

and its normal distribution fitting curve

In order to deduce the relationship between
the measurement errors and the clock jitter, the
first order Taylor expanding expression will be
used. Thereby the approximate formula could be
expressed as

o =] a () |’ =] 2rcos 2nt) |Pcot . (10)

The simulated and theoretical results are
compared in Fig. 2. As Fig. 2 shown, the theo-
retical results are in accordance with the simula-

ted results.
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Fig. 2 Variance of acceleration due to clock jitter in

time domain

Using equation (1), the distance from the
acceleration measurements could be calculated.
Based on the Monte Carlo analysis method, the
simulation will be repeated stochastic 100 times
when ¢,=1X10"% s. The probability density of
the simulation results is shown in Fig. 3. The
distribution of the calculated distance could also
be approximated by Gausses distribution.

These above results imply that the errors of
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acceleration measurement and the calculated dis-
tance can be approximated by white noise. It
means that most of the errors can be removed by
denoising, such as wavelet shrinkage. Fig. 4
shows the relation between the variance of calcu-
lated distance and the magnitude of clock jitter.
The result implies that the variance is in propor-

tion to clock jitter. The proportional coefficient

obtained by curve fitting is 0. 261 1.
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Fig. 3 Calculated distance probability density and its

normal distribution fitting curve
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Fig. 4 Variance of distance due to clock jitter

4 Conclusions

In this paper, the positioning error due to
the clock jitter has been analyzed by Monte Carlo
method. Both the theoretical and the simulation
results reveal that the calculated error of numer-
ical double integration due to the clock jitter in-
creases proportional to the clock jitter. So if the
accelerometer is applied to a rigorous positioning

system, the clock jitter must be depressed.
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