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Abstract. This article proposes a theoretical model of molecular sieving through repeated nanofilter ar-
rays consisting of alternative deep and shallow regions. The role of configurational entropy, which a-
rises from the inaccessibility of some configurations of the molecule in the confined space of nanochan-
nel, is clarified explicitly. It is demonstrated that the configurational entropy difference of anisotropic
biomolecules of different sizes dominates the complex partitioning of these molecules over the nanofil-
ter array. In addition, the relationship between the effective mobility and the nanofilter geometries,

molecular transport parameters, and the strength of electric fields are described rigorously. As an ex-
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ample, the mobilities for 50,150 and 300 bp DNA molecules are calculated using this model, which

matches the experimental data with a error less than 5%. This simplified model allows for fast analy-

sis of nanofilter separation systems, without the need of complicated numerical simulations and physi-

cal experiments.

Key words: DNA; electrophoresis; nanofluidics; entropy barrier; biomolecule separation; ogston sie-

ving

1 Introduction

The electrophoretic migration of polyelectrolyte
in polymeric gels is a fundamental process in
separation of biomolecules such as DNA, RNA
and proteins. Gel electrophoresis has become a
routine practice in biological related research and
in pharmaceutical industries. These electric-field
driven processes, as well as the transport of va-
rious charged macromolecules in biological sys-
tems, are controlled by the energy barriers in-
duced by steric restrictions on the conformations
of the macromolecules as they are navigating

[3] Despite of its wide applica-

through pores
tions, the exact mechanisms involved in gel elec-
trophoresis are far from satisfactory. One main
obstacle is the randomness of the gel pores
which is very difficult to characterize. As a po-
tential substitutes of polymeric gel which con-
tains random pores, patterned periodic regular
sieving structures are found to be ideal for the
study of molecular dynamics and electromigra-
tion of polyelectrolytes because the dimension of
obstacles and channels can be precisely measured
and controlled. Han and his group have used an
array of microfabricated filtration device with re-
gions of two different depths to study the motion
of long DNA™®, rod-like short DNA™™ and

) For typical nanofilter array

small proteins
(used for separation of small biomolecules), the
deep regions are in the scale of 1pm while the
depth of the shallow regions is less than 100 nm.
As the length of the DNA rods is in the same or-
der or larger than the size of the nanofilter gap

(depth of shallow region), the number of con-

formations that can be assumed in the nanofilter
shallow region is reduced. This steric constraint
decreases the orientational entropy and as a re-
sult increases the free energy of DNA. This en-
tropy barrier is expected to play a dominant role
in electrophoretic transport and separation of
DNA molecules of different sizes.

Effective mobilities of various biomolecules
and the size selectivity of such nanochannels
have been studied largely based on mesoscopic

[9]

models such as Brownian dynamics'”', and dissi-

ol Unfortunately,

pative particle dynamics
these stochastic methods involve thermal fluctu-
ations and require a long time to run. Many
rounds of execution are usually required to get a
useful average result. In addition, the input pa-
rameters of these methods are also difficult to
determine for lack of well-established methods of
coarse-graining. Therefore, these methods are
generally used to elaborate relevant physical
mechanisms. It is very difficult to make useful
quantitative predictions using such simulation
tools. In contrast to these stochastic simula-
tions, we have conducted simulation study based

[11]

on continuum transport model and macro-

transport theory™'*’. Our method focuses on the
behavior of group solutes and runs on a macro-
scopic scale. It was found, from the faithful re-
production the experimental results, that the
electrophoretic separation of DNA molecules of
different sizes is mainly accounted for by the en-
tropy loss in the shallow regions.

In this paper, we will develop a theoretical
model to obtain the explicit analytical expression
of the mobility of anisotropic biomolecules in the

nanofilters array. The effect of all the relevant
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parameters such as the size and transport param-
eters of the molecule, the geometry of the nano-
filter, and the strength of electric field, etc can
be explicitly given. The experimentalists will
have a handy formula to predict the mobility of
the small rigid molecules without performing

complicated numerical simulations.

2 Methods

2.1 Transport theory

Let P(r,t) denote the probability density of a
Brownian particle at point r= (x, y, z) of the
channel at time ¢, the time evolution of P(r,t)
in the over-damped (strong friction) regime is

governed by the Fokker-Planck equation*’,

IP(r,0)/dt=—Y « J(r,t) . D
The probability flux J(r,t) is given by
D,

Jrsp)=— [VPr.0)—Pr.0)VUm) ] ,

ke T
(2)
where &y is the Boltzmann constant;z is the ab-
solute temperature, and D, is the free-solution
diffusion coefficient, U (r) denotes the field of
potential energy of the particle, as described in
the next section.
2.2 Potential energy landscape
The potential energy of the nanofluidic system is
composed of two terms, namely the electrostatic
potential and the entropic potential. In a static
electric field, the electrostatic potential of a
charged particle in an electric field is U, (r) =
q@(r), where ®(r) is the electric potential and ¢
is the effective charge. The entropic potential
energy of an anisotropic particle arises when
some of its configurations are restricted in a solid
wall. As defined here, local partition function
x(r)describes the probability of the molecule ap-
pearing at r compared with that in free solution.
For a rigid molecule, the configuration is fully
described by the molecule’ s angular orienta-
tions. In this case,k(r) is equal to the local ori-

entational partition function g, (r), which is de-

fined as the ratio of number of permissible orien-
tations to the total number of possible orienta-

[14]

tions Then the configuration entropy is

U.(r)=—ksTIn p,(r).

2.3 One-dimensional description

Since the transport of DNA molecules in the
nanochannel as shown in Fig. 1 takes place main-
ly in the direction of the channel axis, the de-
gree-of-freedom in the depth and width direc-
tions of the channel can be eliminated by proper

projections.

I ~N——
I ~ /
1 ls —~ / il

Fig.1 Geometry of nanofilter array

As a result, the drift of biomolecules in the
nanofilter array can be formulated as one-dimen-
sional problem. Under such a formulation, the
potential energy is formed by superposition of a
sloped electrostatic potential and a stepped en-
tropy barrier at the shallow region (see Fig. 2
and Fig. 3),

U(X)=qd(X)—TS(X) . 3
In this one-dimensional formulation, the energy
barrier AW is given by AW = —In ¢K. Here the
energy barrier is caused by two factors: (a) the
difference in the cross-sections of nanofluidic
channel between the shallow region and deep re-
gion (e =d,/d,); and (b) the partition coeffi-

cient (K) that accounts for the difference in the

Fig. 2 Energy landscape of charged biomolecule in

nanofilter array
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Fig. 3 Detailed energy profile over one unit of nano-

filter

configurational freedom of the anisotropic parti-

cles in the shallow and deep regions of the nano-

filtert*,

2.4 Mobility of a molecule in the nanofilter ar-
ray

The phenomenological average velocity of the

particle in the local intracellular potential field U

(x) as described by Eq. (3) can be obtained (by

tedious derivation) by using a moment analysis

method"" %

_ 1 (1+w)%e
® 1+ (etv) (1T+e™”

with g, being the free-solution electrophoretic

4

mobility, and v=1[,//, denoting the length ratio
between the shallow and deep region of the
nanofilter. The trapping effect due to the config-
urational entropy takes the form

_U0—K)1— K+t %
T K 1+ey €

1—e F)(Q—e &)
ym(lieiym!) ’
where v,, =q¢E,, (I, +1,)/k;T is the dimension-

less potential drop over one unit of nanofilter.

(5

As the main results of this paper, Eqs (4) and
(5) provide key solutions to the molecular sie-
ving in the nanofilter arrays as shown in Fig. 1.
The role of configuration entropy is manifested
in the partition coefficient K. If configurational
term is negligible, the mobility expressed in Eq.
(4) will reduce to a maximum sieving free (5 =
0) value. Trapping of molecule in the deep re-

gion would not take place, and no separation

would be achievable if the molecules of interest
possess similar value of p,, which is exactly the

case for most DNA molecules.

3 Results and discussions

As an example, we analyzed the electrophoretic
migration of short dsDNA molecules (of lengths
50 bp, 150 bp and 300 bp) in repeated nanofilter
with geometry [,=/,=0.5 pm, d,=60 nm and
d, =240 nm. Values of y are taken from experi-
mental curves in Ref [17]. As a fitted value, the
mobility of electroosmotic flow is preo = —2. 81 X
107" em® V™' s7!' (more details on treatment of
electroosmotic flow are described in Ref [10]
and Ref [117]). The effective charge ¢ is calcu-
lated from p, and D, as described in Ref [12].
Partition functions, which accounts for the
effect of configurational entropy, are calculated
numerically by enumeration of all the possible o-
rientations of a rigid rod and check their permis-
sibility, because these DNA molecules behave
like short rods in aqueous solution at room tem-

11 Tn this specific nanofilter, parti-

perature-
tion coefficient of a 300 bp DNA is — 0. 22,
while the K values of 150 bp and 50 bp molecule
are —0. 52 and —0. 89 respectively. In the limit-
ing cases, an infinitely long molecule has K=0,

while a point-size particle has K=1.

(X107
- %14 \///cm =300 bp
Spd 4150 bp
~~-|50 bp
T4
EE
g /
2 /
=T B
o 300k 150 bp 50 bp

02 04 06 08 10
K

Fig. 4 Dependence of mobility . of short DNA mol-
ecules on partition coefficient K under varied

field strengths

In the next step, a series of curves of p de-
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pendent on K are plotted using Eq. (4) under a
given voltage. For example, the three dashed
blue curves in Fig. 4 represent the mobilities de-
pending on K at voltage of 14 V/cm, based on
the transport parameters of 300 bp, 150 bp and
50 bp respectively. There exist three different
curves under a given electric field, because these
short DNA molecules have different values of x4,
and their maximum sieving mobilities (K =1,
shown in the rightmost side of Fig. 4) are differ-
ent (cf. Eq. (4)). The mobility of a particular
molecule is obtained from its partition coeffi-
cient, If the mobilities of the molecules to be
separated are well distributed, a good separation
result is achievable. The plots shown in Fig. 4
also clarify the dependence of sieving effects on
the electric fields. As we compare the curves of
15 V/cm and those under 57 V/cm and 114 V/
cm, we found that the mobility increases almost
linearly with K at low fields. In contrast, at
high voltages, the mobilities of molecules increa-
ses to a maximum value at low range of K values
and change very slowly in higher K regions, in-
dicating a loss of the sieving effect. Among volt-
ages investigated, 14 V/cm yields the best selec-
tivity (shown as unfilled blue circles). At 114
V/cm, the separation is difficult as the mobili-
ties of different molecules are close to each oth-
er. Theoretical results (hollow markers) agree
well with experimental data (filled markers) un-
der 14 V/cm and 57 V/cm fields. Under 114 V/
cm, the molecules are not separated in the ex-
periment. A single peak is obtained correspond-

ing to a mobility shown in solid triangles.

4 Conclusions

We propose a theoretical model for the solutions
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