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Robust Mahalanobis bundle adjustment for
laser tracker multi-station measurement
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Abstract: A robust Mahalanobis bundle adjustment (RMBA) model was developed to improve the
adjustment precision of a laser tracker multi-station measurement. In a traditional bundle adjustment
(TBA) model, by introducing the Mahalanobis distance, the adjustment criterion, “minimize the
weighted sum of squares of the observed corrections,” was transformed to “minimize the sum of
squares of Mahalanobis distances from the observations to the weighted average. ” Gross errors were
eliminated in the calculation of the weighted average coordinates, and then, the RMBA model was
developed. Observations from four survey stations to 12 control points were simulated using
MATLAB. Experimental results show that the RMBA model is better than the TBA model [227]. and
Spatial Analyzer (SA) software. The root mean square (RMS) of the deviation from the calculated
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coordinates to the simulated coordinates was 0. 031 mm. The RMBA model was resistant when a gross

error was added to the observed values. The data measurement was carried out in the experimental

hall of Shanghai Synchrotron Radiation Facility. The observations from four survey stations to 42

control points, which were distributed over a length of approximately 100 m, were used as an

example. The mean square error of the coordinates of SA was 0. 05 mm. The RMS of the three-

dimensional deviation from the RMBA results to the SA results was 0. 07 mm. The RMBA model

could resist gross error to some degree. Its coordinate calculation precision was almost equal to that of
SA and superior to that of the TBA model and that in [22].

Key words: laser tracker; multi-station measurements; bundle adjustment; Mahalanobis distance;

robust Mahalanobis bundle adjustment
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Fig. 1 Schematic diagram of laser tracker multi-station

measurement
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Tab.1 Coordinates of control points and survey stations

(mm)
WA/ M 44 X Y Z
Q 0. 000 0. 000 0. 000
Q. 3 000. 000 0.000 0. 000
Q; 6 000. 000 0.000 0. 000
Q 0. 000 4 000. 000 0. 000
Qs 3 000. 000 4 000.000 0. 000
Qs 6 000. 000 4 000.000 0. 000
Q 0. 000 0. 000 2 000. 000
Qs 3 000. 000 0. 000 2 000. 000
Q 6 000. 000 0. 000 2 000. 000
Quo 0. 000 4 000.000 2 000. 000
Qu 3 000.000 4 000.000 2 000.000
Q2 6 000.000 4 000.000 2 000.000
Stationl ~ —2 000.000 —2 000.000 1 000,000
Station2 8 000,000 —2 000,000 1 000,000
Station3 ~ —2 000,000 6 000.000 1 000.000
Station4 8 000.000 6 000,000 1 000.000
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Fig. 2 Simulation experiment layout of laser tracker

multi-station measurement
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Tab. 2 Three-dimensional coordinate deviation and RMS

of control points (mm)
4 TBA SCHk[22] SA RMBA
Q 0.03 0.02 0.03 0.03
Q. 0.04 0.05 0.01 0.03
Qs 0.06 0.03 0.04 0.03
Qi 0.04 0.01 0.05 0. 04
Qs 0.07 0.04 0.04 0.03
Qs 0.05 0.03 0.04 0.04
Q 0.02 0. 04 0.02 0.00
Qs 0.05 0.05 0.05 0.02
Q 0.08 0. 04 0.04 0.04
Quo 0.03 0.03 0.02 0.02
Qu 0.09 0.06 0.06 0. 04
Quz 0.07 0.06 0.07 0.07
RMS  0.057 0. 040 0. 041 0.034
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Tab.3 RMS of three-dimensional coordinate deviation

of control points (mm)
Heidl  TBA k[ 22] SA RMBA
%141 0.055 0.038 0.042 0.032
%241 0.051 0.019 0.023 0.012
%34l 0.048 0.020 0.027 0.016
%441 0.055 0. 040 0.041 0.031
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%1040 0.054 0. 020 0.027 0.015
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Tab.4 Three-dimensional coordinate deviation and RMS
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Q 0.14 0.39 0.06 0.03
Q: 0.15 0.04 0.02 0.02
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TLJ0 SA B kb BEIX 4 A4S 0 3k S 300 K540 Y

BDITT &
L3 BT004 >~

°
BM274

DA 158 22 5 R 1 D e 22 387N s T BOT- 22 45 SR X
W F M 22 AN BURE . SBYSRE  TBA FISCHERL 22 1Y
PU2ZEVERESS . SA B 5 A SCH L Y RE 8 AT A HE
PURH 2 LI 14 5% ) fifk S5 HS B 55 Ak 30 R 25 W
DU S K 3 A PR R R ] — i 40

RS SHMAZBENZHLHRREDAR

Tab.5 RMS of three-dimensional coordinate deviation of

five sets gross error data (mm)
HZEHIE TBA Sck[22] SA RMBA
BiE— 0.288 0.291 0.067 0. 062
i~ 0.129 0.183 0. 045 0. 065
W= 0.293 0.392 0.076  0.056
A 0.073 0. 044 0. 042 0.029
BAET 0.077 0.051 0.043 0. 030

3.2 ZiN#EERE

FIF 1 A Leica AT402 O R EEAXAE 5
PESEI0 KT ¥ H OB B uh A SR T 4 Dl i 5%
P LA A2 A E AL R R K 3 TR,
& 3, 5 5 B BDS21 HIFEBS 2R 100 m,

2
BM5~5§419U125

S (AN
Survey station 2 T\ \
i\

\ ® by

! )
/7N BM262V SN
! o \

AN

Y
P31 Booe NN
S e BM251
BQO25

12X 56 0 4 37 S o B

surement situ of actual data experiment

PR 0. 05 mm, fig K AR ZE N 0. 21 mm,
PR 6~ 8 T, TBA fift 2 i 5 6 S A b5 5
SA it 5 4 il 5 AR AR B KA 253K 0. 45 mm, = 4k
A kR 22 ¥ 7 R 0. 24 mm, 5 SA G5 R %E F
WK, SCHR22 ) k0B A SR S SA R A
] A AR AT R KR 223K 0. 21 mm, = 4E AR bR 22 25 )5
A 0. 11 mm, RMBA f# & () 45 6l 55 A8 85 5 SA
it S P S o) A A AR B K AR 225 0. 21 mm, = 4E AR bR
2758 4 0. 07 mm, ] RMBA i - 2 45 5
5 SA AT 2285 AR R — R R,
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#* 6 TBAMEMALIRS SA BELIRMNKEESIT
Tab. 6 Statistical table of deviation from coordinates solved

with TBA to the coordinates solved with SA (mm)

K5 FEF8 A X Y Z A
A2 0.43 0.21 0.14 0.45
RMS 0.23 0.07 0.05 0.24

F7 XH[22]AFEBERNLIRE SA RELRNRESIT
Tab. 7 Statistical table of deviation from coordinates

solved with method in literature [ 22 ] to

coordinates solved with SA (mm)
K BE 48 B X Y Z JaX A
wmAMZE  0.09 0. 20 0.12 0.21
RMS 0. 04 0.08 0.06 0.11

#*8 RMBAMBERSIRE SA BELKRNRESRIT
Tab. 8

Statistical table of deviation from coordinates

solved with RMBA to coordinates solved with

SA (mm)
5 B 6 A X Y Z pugivi
A% 0.06 0.16 0.21 0.21
RMS 0.02 0.04 0.06 0.07
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